
陈永逸-3260101045 2026.9.28-W3-Calculus-I-Homework

Exercises 1-2 Answer

5.

pf.

Sufficiency: Given that {𝑎2𝑘} and {𝑎2𝑘−1} converges to a.

∀𝜀 > 0, ∃𝐾1 𝑠.𝑡.𝑘 > 𝐾1, |𝑎2𝑘 − 𝑎| < 𝜀,
∃𝐾2 𝑠.𝑡.𝑘 > 𝐾2, |𝑎2𝑘−1 − 𝑎| < 𝜀.

Let 𝑁 = max{𝐾1, 𝐾2}, 𝑛 > 𝑁, ∀𝜀 :

𝑛 = 2𝑘, |𝑎𝑛 − 𝑎| = |𝑎2𝑘 − 𝑎| < 𝜀,
𝑛 = 2𝑘 − 1, |𝑎𝑛 − 𝑎| = |𝑎2𝑘−1 − 𝑎| < 𝜀.

⇒ |𝑎𝑛 − 𝑎| < 𝜀 ⇒ lim
𝑛→∞

𝑎𝑛 = 𝑎.

Necessity: Given that {𝑎𝑛} converges to a.

By definition:

∀𝜀, ∃𝑁,  𝑠.𝑡.𝑛 > 𝑁, |𝑎𝑛 − 𝑎| < 𝜀 :
𝑛 = 2𝑘, |𝑎2𝑘 − 𝑎| = |𝑎𝑛 − 𝑎| < 𝜀,
𝑛 = 2𝑘 − 1, |𝑎2𝑘−1 − 𝑎| = |𝑎𝑛 − 𝑎| < 𝜀.

⇒ lim
𝑛→∞

𝑎2𝑘 = 𝑎, lim
𝑛→∞

𝑎2𝑘−1 = 𝑎.∎

6.

lim
𝑛→∞

| 1
𝑛

− 2
𝑛

+ 3
𝑛

+ ⋯ + (−1)𝑛−1𝑛
𝑛

|.

let 𝑎𝑛 = 1
𝑛 − 2

𝑛 + 3
𝑛 + ⋯ + (−1)𝑛−1𝑛

𝑛 .

𝑎2𝑘 = 1
2𝑘

− 2
2𝑘

+ 3
2𝑘

+ ⋯ + 2𝑘 − 1
2𝑘

− 2𝑘
2𝑘

= (− 1
2𝑘

) ⋅ 𝑘

= −1
2
,

lim
𝑛→∞

|𝑎2𝑘| = 1
2
.

𝑎2𝑘−1 = 1
2𝑘 − 1

− 2
2𝑘 − 1

+ 3
2𝑘 − 1

+ ⋯ + 2𝑘 − 3
2𝑘 − 1

− 2𝑘 − 2
2𝑘 − 1

+ 2𝑘 − 1
2𝑘 − 1

= (− 1
2𝑘 − 1

) ⋅ (𝑘 − 1) + 1

lim
𝑛→∞

|𝑎2𝑘−1| = lim
𝑛→∞

| 𝑘
2𝑘 − 1

| = 1
2
.

∵ [5],

∴ lim
𝑛→∞

|𝑎𝑛| = 1
2
.
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8.

(2)

lim
𝑛→∞

𝑛
√

𝑎𝑛 + 𝑏𝑛.

WLOG, assume that 0 < 𝑎 ≤ 𝑏.
𝑛√𝑏𝑛 < 𝑛

√
𝑎𝑛 + 𝑏𝑛 ≤ 𝑛√2𝑏𝑛,

lim
𝑛→∞

( 𝑛√2𝑏𝑛) = lim
𝑛→∞

𝑛√2 × lim
𝑛→∞

𝑛√𝑏𝑛 = 1 × 𝑏 = 𝑏,

lim
𝑛→∞

𝑛√𝑏𝑛 = 𝑏.

⇒ lim
𝑛→∞

𝑛
√

𝑎𝑛 + 𝑏𝑛 = max{𝑎, 𝑏}.

(3)

lim
𝑛→∞

𝑛
√

𝑛𝑝 + 𝑛𝑞,  𝑝, 𝑞 ∈ ℕ∗.

WLOG, assume that 0 < 𝑝 ≤ 𝑞.

𝑛
√

𝑛𝑞 < 𝑛
√

𝑛𝑝 + 𝑛𝑞 ≤ 𝑛√2𝑛𝑞,

lim
𝑛→∞

( 𝑛
√

𝑛𝑞) = ( lim
𝑛→∞

𝑛
√

𝑛)
𝑞

= 1𝑞 = 1,

lim
𝑛→∞

𝑛√2𝑛𝑞 = lim
𝑛→∞

𝑛√2 × lim
𝑛→∞

𝑛
√

𝑛𝑞 = 1 × 1 = 1.

⇒ lim
𝑛→∞

𝑛
√

𝑛𝑝 + 𝑛𝑞 = 1.

(4)

lim
𝑛→∞

[(𝑛 + 1)𝛼 − 𝑛𝛼],  0 < 𝛼 < 1.

lim
𝑛→∞

[(𝑛 + 1)𝛼 − 𝑛𝛼]

= lim
𝑛→∞

[(1 + 1
𝑛

)
𝛼

− 1]𝑛𝛼.

∵ 0 < (1 + 1
𝑛

)
𝛼

≤ 1 + 𝛼
𝑛

− 1 = 𝛼
𝑛

 [Bernoulli's inequality],

∴ 0 < (𝑛 + 1)𝛼 − 𝑛𝛼 ≤ 𝛼𝑛𝛼−1.

lim
𝑛→∞

𝛼𝑛𝛼−1 = 0.

⇒ lim
𝑛→∞

[(𝑛 + 1)𝛼 − 𝑛𝛼] = 0.

(5)

lim
𝑛→∞

1√
𝑛!

.

— 2 —



陈永逸-3260101045 2026.9.28-W3-Calculus-I-Homework

(1.1)𝑛 < 𝑛! < 𝑛𝑛, 𝑛 ≥ 2.
1√
𝑛𝑛

< 1√
𝑛!

< 1
(1.1)𝑛

2
,

lim
𝑛→∞

1√
𝑛𝑛

= 0,

lim
𝑛→∞

1
(1.1)𝑛

2
= 0.

⇒ lim
𝑛→∞

1√
𝑛!

= 0.

9.

(1)

𝑥𝑛 = 𝑎𝑛

𝑛!
(𝑎 > 0).

𝑥𝑛+1
𝑥𝑛

= 𝑎
𝑛 + 1

,

Let 𝑁 = [𝑎 − 1] + 1,

∀𝑛 > 𝑁,
𝑥𝑛+1
𝑥𝑛

< 1.

{𝑥𝑛} decreases, while 𝑥𝑛 = 𝑎𝑛

𝑛! > 0, {𝑥𝑛} converges to 0.

lim
𝑛→∞

𝑥𝑛 = 0

(2)

𝑎 > 0, 𝑥0 > 0, 𝑘 ∈ ℕ∗, 𝑥𝑛 > 0,

𝑥𝑛+1 = 1
𝑘 + 1

(𝑘𝑥𝑛 + 𝑎
𝑥𝑘

𝑛
)

Use Am-Gm inequality:

𝑥𝑛+1 = 1
𝑘 + 1(

𝑥𝑛 + 𝑥𝑛 + ⋯ + 𝑥𝑛⏟
k

+ 1
𝑥𝑘

𝑛 )
 ≥ 𝑘+1√𝑎.

𝑥𝑛+1 − 𝑥𝑛 = − 1
𝑘 + 1

𝑥𝑛 + 𝑎
(𝑘 + 1)𝑥𝑘

𝑛

= 1
𝑘 + 1

( 𝑎
𝑥𝑘

𝑛
− 𝑥𝑛)

= 𝑥𝑛
𝑘 + 1

( 𝑎
𝑥𝑘+1

𝑛
− 1)

≤ 𝑥𝑛
𝑘 + 1

( 𝑎
( 𝑘+1√𝑎)𝑘+1 − 1) = 0.

Thus, {𝑥𝑛} decreases. Let lim𝑛→∞ 𝑥𝑛 = 𝐿.
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𝐿 = 1
𝑘 + 1

(𝑘𝐿 + 𝑎
𝐿𝑘 )

⇒ lim
𝑛→∞

𝑥𝑛 = 𝐿 = 𝑘+1√𝑎.
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10.

pf.

{𝑥𝑛} increases and {𝑦𝑛} decreases, so {𝑥𝑛 − 𝑦𝑛} increases.

∵ lim
𝑛→∞

(𝑥𝑛 − 𝑦𝑛) = 0,

∴ 𝑥1 − 𝑦1 ≤ 𝑥𝑛 − 𝑦𝑛 < 0 [sign preservation].
⇒ 𝑥𝑛 < 𝑦𝑛.

If {𝑥𝑛} and {𝑦𝑛} are unbounded,

∀𝑀1, ∃𝑁1, ∀𝑛 > 𝑁1, 𝑥𝑛 > 𝑀1,
∀𝑀2, ∃𝑁2, ∀𝑛 > 𝑁2, 𝑦𝑛 < 𝑀2.

Thus, for 𝑛 > max{𝑁1, 𝑁2},

𝑥𝑛 − 𝑦𝑛 > 𝑀1 − 𝑀2 = 𝑀, ∀𝑀.

Then {𝑥𝑛 − 𝑦𝑛} diverges, a contradiction. Thus, {𝑥𝑛} or {𝑦𝑛} is bounded.

If {𝑥𝑛} is bounded, by MCT, lim𝑛→∞ 𝑥𝑛 exists, and

𝑥1 ≤ 𝑥𝑛 ≤ lim
𝑛→∞

𝑥𝑛.

If {𝑦𝑛} is unbounded,

𝑥𝑛 − 𝑦𝑛 > 𝑥1 − 𝑀2, ∀𝑀2,

which gives a contradiction. Thus, lim𝑛→∞ 𝑦𝑛 exists.

Therefore, both lim𝑛→∞ 𝑥𝑛 and lim𝑛→∞ 𝑦𝑛 exist.

lim
𝑛→∞

(𝑥𝑛 − 𝑦𝑛) = lim
𝑛→∞

𝑥𝑛 − lim
𝑛→∞

𝑦𝑛 = 0.

⇒ lim
𝑛→∞

𝑥𝑛 = lim
𝑛→∞

𝑦𝑛.∎

12.

pf.

If {𝑥𝑛} converges to 𝐿 > 0,

𝐿 =
√

𝑏 + 𝐿 ⟹ 𝐿2 − 𝐿 − 𝑏 = 0,

⇒ 𝐿 = 1 +
√

1 + 4𝑏
2

.

(i) If 𝑥1 = 𝑎 < 𝐿, assume that 𝑥𝑛 < 𝐿.

𝑥𝑛+1 = √𝑏 + 𝑥𝑛 <
√

𝑏 + 𝐿 =
√

𝐿2 = 𝐿,

𝑥𝑛+1 − 𝑥𝑛 = √𝑏 + 𝑥𝑛 − 𝑥𝑛 > √𝑏 + 𝑥𝑛 − 𝐿 > 0.

So {𝑥𝑛} increases and is bounded.

⇒ lim
𝑛→∞

𝑥𝑛 = 𝐿.

(ii) If 𝑥1 = 𝑎 > 𝐿, assume that 𝑥𝑛 > 𝐿.
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𝑥𝑛+1 = √𝑏 + 𝑥𝑛 >
√

𝑏 + 𝐿 =
√

𝐿2 = 𝐿,

𝑥2
𝑛 − 𝑥𝑛 − 𝐿 > 0 ⇒ 𝑥𝑛 > √𝑏 + 𝑥𝑛 = 𝑥𝑛+1.

So {𝑥𝑛} decreases and is bounded.

⇒ lim
𝑛→∞

𝑥𝑛 = 𝐿.

(iii) If 𝑥1 = 𝐿, assume that 𝑥𝑛 = 𝐿.

𝑥𝑛+1 =
√

𝑏 + 𝐿 = 𝐿.

Obviously,

lim
𝑛→∞

𝑥𝑛 = 𝐿.∎

15.

pf.

Because {𝑥𝑛𝑘
} is bounded,

∃𝑀, ∀𝑘, |𝑥𝑛𝑘
| ≤ 𝑀.

∀𝑛, ∃𝑘, 𝑥𝑛 < 𝑥𝑛𝑘
≤ 𝑀.

Thus, {𝑥𝑛} is bounded. Since {𝑥𝑛} is increasing, {𝑥𝑛} converges.∎

— 6 —
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Exercises 1-3 Answer

1.

(3) pf.

Because 𝑥 ≠ −1,

lim
𝑥→−1

𝑥 + 1
(𝑥 + 1)(𝑥 − 1)

= lim
𝑥→−1

1
𝑥 − 1

.

For ∀𝜀 > 0, let 𝛿 = min{1, 2𝜀}. When 0 < |𝑥 + 1| < 𝛿,

| 1
𝑥 − 1

+ 1
2
| = |𝑥 + 1|

2|𝑥 − 1|
< |𝑥 + 1|

2
< 𝜀.∎

(5) pf.

| 1
𝑥2 sin 𝑥| ≤ | 1

𝑥2 | < 𝜀 ⇒ 𝑥 > √1
𝜀
.∎

Let 𝑋 = 1√
𝜀 .

∀𝜀 > 0, 𝑥 > 𝑋, | 1
𝑥2 sin 𝑥| < 𝜀.

⇒ lim
𝑥→∞

1
𝑥2 sin 𝑥 = 0.∎

4.

𝑓(𝑥) = {𝑥 + 𝑎, 𝑥 < 0
𝑥3 + 2, 𝑥 ≥ 0.

lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0−

(𝑥 + 𝑎) = 𝑎,

lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0+

(𝑥3 + 2) = 2.

Because lim𝑥→0 𝑓(𝑥) exists,

𝑎 = 2.
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