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Exercises 1-2 Answer

5.
pf.
Sufficiency: Given that {a,;} and {a,;,_,} converges to a.

K, s.t.k > Ky, |ag,_1 —a| < e.

Let N = max{K;,K,},n > N,Ve:

n =2k, |a, —a| = |ay, —a| <&,
n=2k—1,la, —a|l =|ay,_; —a| <e.
= |a, —a|<€=>hma = a.
n—oo

Necessity: Given that {a,, } converges to a.

By definition:
Ve,dN, s.t.n > N,|a, —a| <e:
n =2k, |ay, —al = |a, —a| <¢,
n=2k—1,lay_,; —a|l =|a, —a| <e.
= lim aq, = a, hma% 1 =oa.n
n—00
6.
1t o2 3 (—1)"1n
lim |———+—4-+
n—oo| N n n n
leta, =1 —248 4. 4 CUn
n n n n n
1 2+3+ +2k—1 2k
k72K 2k 2Kk 2k 2k
1
—(——) -k
(~3)
:—5’
lim [ayy|
1 2 n 3 n +2k—3 2k—2+2k—1
G2 1T ok -1 2% —1 ' 2k—1 2%k—1 2k—1  2k—1
1
= (- (k—1)+1
(ge) -0+
li =1 -
A @ ngﬁ.z\zk_l
= [5],
" Al =3



Mk i-3260101045 2026.9.28-W3-Calculus-I-Homework

8.
(2)
lim Va™ + b".

n—oo

WLOG, assume that 0 < a < b.
Vor < Yan +br < V267,
lim (¥/2b7) = lim ¥2x lim /b7 =1xb=0,
n—oo n—oo

n—oo
lim V" = b.
n—oo
= lim Va" + b" = max{a, b}.

n—oo
3)
lim V/nP +n4, p,q € N*.
n—,oo
WLOG, assume that 0 < p < gq.
Vnd < YnP +n? < V2n4,
q
lim (¥/nd) = ( lim \"/ﬁ) — 101,
n—oo n—oo
lim ¥2n? = lim V2 x lim {ni=1x1=
n—,oo n—,oo n—oo
= lim V/nP +n?=1.
n—,oo

lim [(n+1)*—n%], 0<a<1.

n—,oo

lim [(n +1)* —n?]

n—oo

1 o
= lim [<1+—) —1]71“.
n—00 n

1\« « o o .
“0< (1 + —) <14 — —1= — [Bernoulli's inequality],
n n n

~0< (n+1)*—n® <an> L.

lim an® 1 =0.
n—oo

:>nh_)nolo[(n+1) —n® =0.

lim ——.
n—oo n!
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Let N =[a—1]+1,
Vn > N, Intl o,
‘,L‘n
{z,} decreases, while z,, = %= > 0, {z,,} converges to 0
lim z, =0
n—oo
(2)
a>0,2g>0,keN,z, >0
1
n+1—k+1(k$ + n)
Use Am-Gm inequality
T :L . +x 4+ _|_i > *Va
n+1 k + 1 n n - ,,ka = .
1 n a
z - _
n+1 n k+1 n (k—l—l)l‘fl
1 a
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n— oo :'L.n = L'
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(L))" <nl<n™n>2
1

Thus, {z,} decreases. Let lim
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L=t (kL—i—a)

BUES Lk
= lim z, = L= "Y/a.
n—oo
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10.
pf.

{z, } increases and {y,, } decreases, so {z,, — y,,} increases.

n—oo
~xy—y <z, —y, <0 [sign preservation].
=z, < Yp,-

If {z,} and {y,,} are unbounded,

VM,,3N,,Vn > N,,z, > M,
VM,,3N,,Vn > Ny, y, < M,.

ThUS, forn > max{Nl, NQ}J
Ty —Yp > Ml _M2 =M,VM.

Then {z,, — y,,} diverges, a contradiction. Thus, {z,,} or {y,,} is bounded.

If {z,,} is bounded, by MCT, lim z,, exists, and

n—oo 'n

z, <z, < lim z,.
n—oo

If {y,,} is unbounded,
Tp = Yn > Ty — M27VM27

which gives a contradiction. Thus, lim exists.

n—0o0 yn

Therefore, both lim z, and lim exist.

n—oo n n—oo yn
lim (z, — = lim z., — lim =0.

= lim z, = lim y,.®
n—oo n—oo

12.
pf.
If {x,} converges to L > 0,
L=vVb+L=1I1>-L-b=0,

C1+VI+4b

=L
2

(i) If x; = a < L, assume that z,, < L.

Tpy=+vbt+z,<Vb+L=VI2=1L,
Tpy1 — Ty =+b+x,—2,>+/b+z,—L>0.
So {z, } increases and is bounded.

= lim z, = L.

n—oo

(ii) If z; = a > L, assume that z,, > L.
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Tpr=+bt+z,>Vb+L=VI2=1L,
2 —z,—L>0=2x,>/b+z, =12,
So {z,,} decreases and is bounded.

= lim z, = L.

n—,oo

(iii) If z; = L, assume that z,, = L.

wn+1 - Vb+L:L
Obviously,
lim z, = L.m
15.
pf.

Because {z,, } is bounded,

IM, vk,

xnk‘SM.
vn,3k,z, <z, <M.

Thus, {z,} is bounded. Since {z,,} is increasing, {z,,} converges.m
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Exercises 1-3 Answer

1.
(3) pf.
Because z # —1,

, z+1 .
hm —_— Y = hm E—
z——1 (.’L‘ + 1><$ — 1) z—1x—1

For Ve > 0, let § = min{1,2¢}. When 0 < |z + 1| < 4,

1 1’_ e+ 1 |z +1]

r—1 2| 2lz—1 2
(5) pf.
1 . 1
— sinx < - <e=zT>4/—-.1
T T €
_ 1
1
Ve>0,z> X, | 5sinz| <e.
x
.1
= lim —2smx=0.l
T—00 I
4.

_Jx+a,x<0
f(x>_{w3+2,x20'

lim f(z) = lim (z +a) = a,

z—0~ z—0~
zli_}rg)f fz) = zli_}r%)1+(x3 +2)=2.
Because lim,_,, f(z) exists,
a=2.
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