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1. A derivative from first principles
Let 𝑓(𝑥) = 𝑥2. Starting with the definition,

𝑓 ′(𝑥) = lim
ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)
ℎ

= lim
ℎ→0

(𝑥 + ℎ)2 − 𝑥2

ℎ
= lim

ℎ→0
(2𝑥 + ℎ) = 2𝑥.

The derivative describes the local rate of change. At 𝑥 = 3, the slope is 𝑓 ′(3) = 6.

2. An integral
The corresponding antiderivative gives

∫
𝑏

𝑎
𝑥2 d𝑥 = 𝑏3 − 𝑎3

3
.

For example, ∫1
0
𝑥2 d𝑥 = 1/3.

3. A useful identity
For vectors 𝑢, 𝑣 ∈ ℝ𝑛, the Cauchy-Schwarz inequality states that

|∑
𝑛

𝑖=1
𝑢𝑖𝑣𝑖| ≤ √∑

𝑛

𝑖=1
𝑢2𝑖√∑

𝑛

𝑖=1
𝑣2𝑖 .

Equality holds when the vectors are linearly dependent.

4. Keep a reproducible note
1. State the question and the assumptions.

2. Show the essential steps.

3. Include a small example that can be checked.
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